A fractional step θ-method for the approximation of time dependent viscoelastic fluid flow equations, is described and analyzed in this article. The θ-method implementation allows the velocity and pressure updates to be resolved separately from the stress, reducing the number of unknowns resolved at each step of the method. A streamline upwinded Petrov-Galerkin (SUPG)-method is used to stabilize the constitutive equation. A priori error estimates are established for the approximation scheme. Numerical computations supporting the theoretical results and demonstrating the θ-method are also presented.
Introduction
Modeling viscoelastic fluid flow is computationally difficult for a variety of reasons. Assuming slow flow the modeling equations represent a "Stokes system" for the conservation of mass and momentum equations, coupled with a non-linear hyperbolic equation describing the constitutive relationship between the fluid's (extra) stress and velocity. The numerical approximation requires the determination of the fluid's velocity, pressure and stress (a symmetric tensor). A direct approximation technique requires the solution of a very large nonlinear system of equations at each time step.
The fractional step θ-method [33, 34, 35] is an appealing numerical approximation technique for several reasons. The θ-method separates the updates for velocity/pressure and stress into several substeps. Variables are alternately lagged in the updates to reduce the size of the algebraic systems which have to be solved at each substep. In addition, the splitting allows for the application of appropriate approximation techniques to be applied when resolving the resulting parabolic model for velocity and pressure, and hyperbolic constitutive relation for stress. An additional benefit of the θ-method [35] is that by separating the update of velocity and pressure from the stress update, the algebraic systems to be solved at each step in the method are linear.
Research on viscoelastic materials can be traced back to Maxwell, Boltzman, and Volterra, in the late eighteen hundreds, but it was the work of Oldroyd in 1950 that produced a constitutive model that worked well when modeling fluids with large deformations [27, 38] . Since Oldroyd's original work, many constitutive equations have been formulated to describe the motion of viscoelastic fluids. These include the models of Giesekus [15] , Oldroyd [28] , and Phan-Thien and Tanner [29] , as well as the Johnson and Segalman [21] constitutive model used in this work.
Error analysis of finite element approximations to steady state viscoelastic flow was first done by Baranger and Sandri in [3] using a discontinuous Galerkin (DG) formulation of the constitutive equation. In [32] Sandri presented analysis of the steady state problem using a streamline upwind Petrov-Galerkin (SUPG) method of stabilization. The time-dependent problem was first analyzed by Baranger and Wardi in [4] , using an implicit Euler temporal discretization and DG approximation for the hyperbolic constitutive equation. Ervin and Miles analyzed the problem using an implicit Euler time discretization and a SUPG discretization for the stress in [13] . Analysis of a modified Euler-SUPG approximation to the transient viscoelastic flow problem was presented by Bensaada and Esselaoui in [5] . The temporal accuracy of the approximation schemes studied in [4, 5, 13] are all O(∆t). The work of Machmoum and Esselaoui in [23] examined time dependent viscoelastic flow using a characteristics method that has accuracy O((h 2 / √ ∆t) + ∆t). Ervin and Heuer proposed a Crank-Nicolson time discretization method [12] which they showed was O ∆t 2 . Their method uses a three level scheme to approximate the nonlinear terms in the equations. Consequently their approximation algorithm only requires linear systems of equations be solved. In [7] Bonito, Clément, and Picasso use an implicit function theorem to analyze a simplified time dependent viscoelastic flow model where the convective terms were neglected.
The fractional step θ-method was introduced, and its temporal approximation accuracy studied, for a symmetric, positive definite spatial operator, by Glowinski and Périaux in [16] . The method is widely used for the accurate approximation of the Navier-Stokes equations (NSE) [20, 36, 37] . In [22] , Klouček and Rys showed, assuming a unique solution existed, that the θ-method approximation converged to the solution of the NSE as the spatial and mesh parameters went to zero (h, ∆t → 0 + ). The temporal discretization error for the θ-method for the NSE was studied by Müller-Urbaniak in [25] and shown to be second order.
The implementation of the fractional step θ-method in [35] for viscoelasticity differs significantly from that for the NSE. For the NSE at each sub-step the discretization contains the stabilizing operator −∆u. For the viscoelasticity problem the middle substep when resolving the stress is a pure convection (transport) problem that requires stabilization in order to control the creation of spurious oscillations in the numerical approximation. Marchal and Crochet [24] were the first to use streamline upwinding to stabilize the hyperbolic constitutive equation in viscoelastic flow. A second common approach to stabilizing the convective transport problem is to use a discontinuous Galerkin (DG) approximation for the stress [2, 3] .
In [10] the authors showed a fractional step θ-method for a linear convection-diffusion problem that is second order accurate with respect to the temporal discritization. Similar to the viscoelastic model, the linear convection-diffusion equations are a coupled hyperbolic/parabolic system. Using the θ-method's additve split allowed the distinct modeling equation phenomonon (hyperbolic convective transport and parabolic diffusion) to be updated separatly. A SUPG approximation technique was used to stabilize the resulting hyperbolic solve. Our work on the convection-diffusion equations was extended in our preliminary analysis of a θ-method for viscoelastic fluid flow in [11] where a priori error estimates for a "Stokes-like problem" assuming known stress, and constitutive model assuming known velocity and pressure were established. In this work we couple results similar to those obtained in [11] to obtain an a priori error estimate for the θ-method applied to viscoelastic fluid flow.
The remainder of this document is organized as follows: in Section 2 the mathematical model and θmethod for viscoelastic fluid flow are introduced. Section 3 gives the mathematical notation need in order to formulate the problem in an appropriate mathematical setting. The unique solvability and a priori error estimates for the θ-method applied to the viscoelastic modeling equations is presented in Section 4. Numerical computations confirming the theoretical results and demonstrating the θmethod are given in Section 5.
The Mathematical Model and θ-Method Approximation
In this section the modeling equations for viscoelastic fluid flow as well as a fractional step θ-method approximation scheme are presented.
The Johnson-Segalman Model for Viscoelastic Fluid Flow
The non-dimensional modeling equations for a viscoelastic fluid in a given domain Ω ⊂ Rd (d = 2, 3) using a Johnson-Segalman constitutive equation are written as:
Here (2.1) is the constitutive equation relating the fluids velocity u to the stress σ, and (2.2) and (2.3) are the conservation of momentum and conservation of mass equations. The fluid pressure is denoted by p. The Weissenberg number λ is a dimensionless constant defined as the product of a characteristic strain rate and the relaxation time of the fluid [6] . Note that if the value of λ is set to zero in (2.1) the Navier-Stokes modeling equations are obtained [26, 31] . The body forces acting on the fluid are given by f , and α ∈ (0, 1) denotes the fraction of the total viscosity that is viscoelastic.
The g a term and deformation tensor d(u) are defined as:
The gradient of u is defined such that (∇u) i,j = ∂u i /∂x j . For the remainder of this document slow or inertialess flow is assumed, allowing the inertial term u · ∇u in (2.2) to be neglected. Note that an Oldroyd B constitutive model is obtained when a = 1 in g a (σ, ∇u). Proofs of the existence and uniqueness of solutions to (2.1)-(2.6) can be found in [14, 17, 30] .
θ-method for Viscoelastic Fluid Flow
The fractional step θ-method additively decomposes equations (2.1) and (2.2). Use the splitting parameters ω and γ ∈ (0, 1), and define:
Constitutive equation:
Conservation of momentum:
Let ∆t denote the temporal increment between times t n and t n+1 , and for c ∈ {θ, ω, γ, a, α} let c := 1 − c. Also, let f (n) := f (·, n∆t).
The θ-method approximation for viscoelasticity may then be described as follows. (See also [11, 33, 35] ).
θ-method algorithm for viscoelasticity
Step 1a: (Update the stress.)
Step 1b: (Solve for velocity and pressure.)
Step 2a: (Update the velocity and pressure.)
Step 2b: (Solve for the stress.)
Step 3a and
Step 3b: The temporal advancement to time t n+1 is completed by repeating, Step 1a, and
Step 1b with (n) and (n + θ) replaced by n +θ and (n + 1), respectively.
This decomposition of the constitutive and conservation of momentum equations results in the approximation of the non-linear system of equations only requiring the solution of linear systems of equations.
Mathematical Notation
The L 2 (Ω) inner product and norm are denoted by (·, ·), and u respectively. The standard Sobolev space [1] of order k is denoted W k p (Ω), and its norm is given by · W k p . When p = 2 and k = 0 then W 0 2 (Ω) = L 2 (Ω). The notation H k (Ω) is used to represent the Sobolev space W k 2 , and · k denotes the norm in H k . The following function spaces are defined for use in the analysis:
The spaces X and Q satisfy the inf-sup condition
A variational formulation of the inertialless version of modeling equations (2.1)-(2.3), found by multiplication by test functions and integrating over Ω, is: Given u 0 ∈ X and σ 0 ∈ S find
As the velocity and pressure spaces X and Q satisfy the inf-sup condition (3.1), an equivalent variational formulation to (3.2)-(3.4) is given by:
To describe the finite element framework used in the analysis, let T h be a triangulation of the discretized domain Ω ⊂ Rd.
It is assumed that there exist constants c 1 and c 2 such that
where h K is the diameter of triangle K, ρ K is the diameter of the greatest ball (sphere) included in K, and h = max K∈T h h K . Let P k (A) denote the space of polynomials on A of degree no greater than k and C(Ω)d the space of vector valued functions withd components which are continuous on Ω. Then the associated finite element spaces are defined by:
Analogous to the continuous spaces assume that X h and Q h satisfy the discrete inf-sup condition:
Several different continuous and discrete norms are used in the analysis. When v(x, t) is defined on the entire time interval (0,
For N ∈ Z Z + let T /N = ∆t, and define the discrete norms
and for a full time step define
Analysis
The analysis for the θ-method for viscoelastic fluid flow is accomplished in three parts: the analysis of the "Stokes-like problem" using a known true stress; the analysis of the constitutive model assuming a known true velocity and pressure; and finally a coupling of these estimates to establish the full a priori error estimates for the θ-method.
The a priori error estimates established for the "Stokes-like problem", constitutive model, and the full θ-method for viscoelastic fluid flow are given in Theorems 4.5, 4.6, and 4.7 respectively. The proofs for Theorems 4.5, and 4.6 follow work done by the authors in [11] . A discussion of the proof for Theorem 4.7 is given in Section 4.2. (Detailed proofs of these theorems are given in [9] .)
For the analysis it is helpful to definẽ u h := discrete approximation using true σ, σ h := discrete approximation using true u,
Note that u h , p h , and σ h denote approximations obtained by implementing the full θ-method for viscoelastic flow described by Steps 1a -3b above. Letting U and S denote the L 2 projections of u and σ onto Z h and S h respectively, define:
Unique Solvability of the Scheme
Computability of the algorithm is established before the error estimates are presented. Computability implies that the coefficient matrix associated with the variational formulation of each step of the θ-method algorithm is invertible. To stabilize the hyperbolic constitutive equation a streamline upwind Petrov-Galerkin (SUPG) discretization is used to avoid spurious oscillations in the approximation. This is implemented by testing all terms in the constitutive equation (except the discretized temporal derivative) against modified test elements of the form
and δ is a small positive constant. Note that δ = 0 gives the standard Galerkin method. The variational formulations for the steps in the θ-method approximation are as follows.
Step 1a: Find σ
Step 1b: Find u
Step 2a:
Step 2b:
Step 3a: Find σ
Step 3b: Find u
The following induction hypothesis is used when proving the lemmas that establish the existence and uniqueness of the solutions to (4.2) -(4.7).
Induction Hypothesis 1 Under the assumptions of Theorem 4.7 there exists a constant K 2 such that for n = 1, . . . , N
Induction Hypothesis 1 is justified in Section 4.3. Proof: Equation (4.2) can be written as
Here (4.9) represents a square linear system of equations Ax = b. With the choice τ = σ
Provided δ ≤ Ch and ∆t ≤ λ/θωK 2d 
Proof: Equation (4.3) can be written as
.
Thus, ker(A 2 ) = {0}, and existence and uniqueness of a solution to (4.3) has been shown. Proof: Write equation (4.4) as
For Proof: Write (4.5) as
with
Bounding the terms in
Thus, The unique solvability of (4.6) and (4.7), representing the third step in the algorithm, follows exactly as (4.2) and (4.3).
A Priori Error Estimates
Theorems 4.5 and 4.6 give a priori error estimates for a θ-method for the "Stokes-like" problem and the constitutive equation respectively. These estimates are used to establish the a priori error estimate for the full θ-method implementation for viscoelastic fluid flow stated in Theorem 4.7.
Theorem 4.5 (Assuming σ is known) For sufficiently smooth solutions u, σ, p such that σ ∞ , u t ∞ , u tt ∞ , u ttt ∞ , and ∇u t ∞ ≤ K 1 , ∀ t ∈ (0, T ], with θ = 1 − √ 2 2 and ∆t ≤ Ch 2 , the fractional step θ-method approximation,ũ h given by Step 1b, Step 2a, and Step 3b converges to u on the interval (0, T ] as ∆t, h → 0, and satisfies the error estimates:
Theorem 4.6 (Assuming u and p are known) For sufficiently smooth solutions σ, u, p such that
with θ = 1 − √ 2 2 and ∆t ≤ Ch 2 , the fractional step θ-method approximation,σ h given by Step 1a, Step 2b, and Step 3a converges to σ on the interval (0, T ] as ∆t, h → 0 and satisfies the error estimates:
Proofs of Theorems 4.5 and 4.6 are similar to the work done in [11] and are presented in detail in [9] . The error estimates in Theorems 4.5 and 4.6 are used in the a priori error estimate for the full θ-method stated in Theorem 4.7.
Theorem 4.7 For sufficiently smooth solutions σ, u, p such that
with θ = 1 − √ 2 2 and ∆t ≤ Ch 2 , δ ≤ Ch, the fractional step θ-method approximations u h , σ h given by Step 1a -3b converge to u and σ, respectively, on the interval (0, T ] as ∆t, h → 0 and satisfy the error estimates: Make note that both the initial time step, and a general (or typical) time step in the θ-method are analyized. We proceed with the following steps:
Step 1θ. Obtain bounds for the terms 'hat' terms: σ . A similar procedure is followed to find bounds for the other 'hat' terms in the initial time step. Implementing a Crank-Nicolson method for Step 2a requires σ (θ) h , which is not obtained until
Step 2b. For the analysis a second order extrapolated value, σ (θ) ex h is obtained using σ (0) and σ (θ) h (see [9] ).
Step 2θ. Following the work done in Step 1θ a bound on the difference of succesive θ-method terms in the general time step are found by subtracting appropriate variational formulations. Choose v =û Step 1a:
Step 1b:
Step 3a:
Step 3b:
where G i (∆t, h, δ) and H i (∆t, δ) terms denote functions, and the C i 's denotes constants independent of the descritization and upwinding parameters ∆t, h, and δ.
Step 3θ. Three unit strides are constructed by:
• Summing (4.21) -(4.26).
• Summing (4.21) -(4.26) with (n → (n + 1)) in expressions (4.21) and (4.22).
• Summing (4.21) -(4.26) with (n → (n + 1)) in expressions (4.21), (4.22), (4.23) and (4.24).
Step 4θ. Sum the unit stride expressions obtained in Step 3θ, applying inverse estimates to the right hand side deformation terms and obtain an expression of the form
where the K i terms denote funcions of the descritization and upwinding parameters ∆t, h, and δ.
Step 5θ. Sum expression (4.27) from n = 0 to N − 1, and notingû Step 6θ. Apply discrete Gronwall's inequality (see [19] ) with the restriction that
If δ is chosen such that (δ ≤ Ch), (4.28) becomes
This is computationally very restrictive. This constraint is not enforced for the numerical results in Section 5.
It is an open question if this condition is necessary for the estimates given in Therorms 4.5 and 4.6.
Step 7θ. Use the triangle inequality and the results of Theorems 4.5 and 4.6 to establish the Theorem 4.7.
Induction Hypothesis
Verification of Induction Hypothesis 1 for u h . Assume that Induction Hypothesis 1 holds true for n = 1, 2, . . . , N − 1. Interpolation properties and inverse estimates (see [8] ) give
Applying the discrete Gronwall's inequality in the proof of Theorem 4.5) establishes
and applying the discrete Gronwall's inequality in the proof of Theorem 4.7 gives
(4.32)
Using interpolation properties
Thus, expression (4.30) yields
an expression independent of N . Hence, provided k, m ≥d 2 − 1, q ≥d 2 − 1, and values of h, ∆t and δ are chosen such that
Similarly it follows that u
The verification of Induction Hypothesis 2 follows in a similar manner.
Numerical Results
To verify numerical convergence rates for the θ-method applied to viscoelastic fluid flow numerical results are presented for an example with a known analytical solution. Finite element computations were done using the FreeFem++ integrated development environment [18] . Continuous piecewise quadratic elements were used for modeling the velocity, and continuous piecewise linear elements were used for the pressure and stress. The constitutive equation was stabilized using a SUPG discretization with parameter δ.
For the (optimal) value of θ = 1 − √ 2/2 ≈ 0.29289 the local temporal discretization errors are O((∆t) 2 ), and this optimal θ value was used in all computations. A numerical study verifying the optimal value of θ for viscoelastic fluid flow is given in [11] . The constitutive and conservation equation splitting parameters ω and γ were set to 1/2 for the computations presented in Tables 5.1, 5.2, 5.3, and 5.4. The full analysis presented by the authors in [9] and discussed above used a Crank-Nicolson method in Steps 1b and 2a of the initial time step. The computations presented in this section were all implemented using the algorithm as stated in Section 2.
Example
The theoretical convergence rates were verified by considering fluid flow across a unit square with a known solution.
Let Ω = (0, 1) × (0, 1), Re = 1, α = 1/2, λ = 2, and a = 1. The true solution is 
Approximatingũ h andp h with known σ
Numerical results for the approximation of velocity,ũ h , and pressure,p h for a known stress, σ, are presented in 
The numerical convergence rates observed in Table 5 .1 are consistent with those predicted in Corollary 5.1. 
The numerical convergence rates presented in Table 5 .2 are consistent with those predicted in Corollary 5.2. In Table 5 .2 the effect of the upwinding parameter δ on | σ −σ h | 0,0 and | σ −σ h | ∞,0 is clearly evident. 
Full θ-method approximation for viscoelasticity
The numerical convergence rates in Tables 5.3 and 5.4 are consistent with Corollary 5.3. Pressure is treated implicitly in all steps of the algorithm, and a first order convergence rate is observed for both | p − p h | 0,0 and | p − p h | ∞,0 .
As was the case in Section 5.2 the effect of the upwinding parameter δ can be seen in Tables 5.3 and 5.4.
Conclusions
A fractional step θ-method was analyzed for inertialess viscoelastic fluid flow modeled using a Johnson-Segalman constitutive equation. The θ-method presented was proved to be second order accurate with respect to the temporal discretization, and allowed for the decoupling of the velocity and pressure update from the stress update. By decoupling the modeling system's variables, the θ-method resulted in smaller approximating algebraic systems. An additional benefit of the method is that only linear systems of equations are solved at each step in the approximation. 
